Compact symplectic nilmanifolds associated with graphs  by Pouseele, Hannes & Tirao, Paulo
Journal of Pure and Applied Algebra 213 (2009) 1788–1794
Contents lists available at ScienceDirect
Journal of Pure and Applied Algebra
journal homepage: www.elsevier.com/locate/jpaa
Compact symplectic nilmanifolds associated with graphs
Hannes Pouseele a, Paulo Tirao b,∗
a Katholieke Universiteit Leuven (KULAK), Belgium
b CIEM - FaMAF, Universidad Nacional de Córdoba, 5000 Córdoba, Argentina
a r t i c l e i n f o
Article history:
Received 10 March 2008
Received in revised form 19 November
2008
Available online 20 February 2009
Communicated by J. Huebschmann
MSC:
Primary: 53D05
53D10
secondary: 17B56
a b s t r a c t
In this paper we consider 2-step nilpotent Lie algebras, Lie groups and nilmanifolds
associatedwith graphs.Wepresent a combinatorial construction of the second cohomology
group for these Lie algebras. This enables us to characterize those graphs giving rise to
symplectic or contact nilmanifolds.
© 2009 Elsevier B.V. All rights reserved.
In this paper we consider finite-dimensional real 2-step nilpotent Lie algebras and nilmanifolds associated with finite
graphs. This is a small class of Lie algebras with a nice combinatorial structure. In fact they are only finitely many in a
given dimension, while there are infinitely many (non-isomorphic) 2-step nilpotent Lie algebras already in dimension 9 [1].
However five out of the seven six-dimensional symplectic 2-step Lie algebras [2] are associated with graphs, and it is not
clear to us how the symplectic 2-step Lie algebras are related in general to the ones considered here.
Our interest in this class of Lie algebras and the corresponding nilmanifolds is twofold.
On the one hand we are interested in the explicit construction of cohomology classes for nilpotent Lie algebras, which
is in turn related to the Toral Rank Conjecture for nilpotent Lie algebras. We look for general constructions such as the one
in [3]. The combinatorial construction we present in this paper can be seen as the first step in a more general approach
to the construction of cohomology classes for certain classes of 2-step nilpotent Lie algebras. At this stage it constructs all
of the (first and) second cohomology groups for 2-step algebras associated with graphs. Note that the 2-step free ones are
included.
On the other hand, we are interested in the geometry of nilmanifolds and in particular in the construction of geometric
structures such as symplectic and contact forms.
We show that the first and second cohomology groups of the Lie algebras considered here can be easily read off the graph
directly. This gives us an easy criterion to decide, just by inspection, whether the Lie algebra associated with a given graph
admits a symplectic or contact form. It turns out that the three-dimensional Heisenberg Lie algebra is the only one of this
class with a contact form while those admitting a symplectic form are exactly those corresponding to a graph where each
connected component has at least as many vertices as arrows. Moreover, the proof of the criterion yields an algorithm to
construct such a form.
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1. Preliminaries
Given a finite graph G(V , E) let V0 be the real vector space with basis the set of vertices V and let V1 be the subspace of
Λ2V0 generated by the edges E, that is
V1 = 〈{v ∧ w : v andw are vertices joined by an edge}〉.
Let N = V0 ⊕ V1 and define a Lie bracket [·, ·] in N specifying that [v,w] = v ∧w if v andw are vertices joined by an edge
and zero otherwise. In this way each graph G determines uniquely a Lie algebraL(G) = (N, [·, ·]).
The Lie algebra L(G) is abelian if the set of edges E is empty, and is 2-step nilpotent if E is not empty. The dimension
of L(G) is |V | + |E|, the number of vertices plus the number of edges; its commutator is [L(G),L(G)] = V1 of dimension
|E| and its center is generated by V1 and the subspace of V0 generated by all isolated vertices. Clearly, if the graph G has
connected components G1, . . . ,Gs, thenL(G) ' L(G1)⊕ · · · ⊕L(Gs).
The Lie algebra associatedwith the complete graph Kr on r vertices is the free 2-step nilpotent Lie algebra on r generators
F2,r , and the algebras associated with other graphs with r vertices are homogeneous quotients of F2,r .
The simply connected Lie group L(G) with Lie algebra L(G) can be realized on the underlying vector space N of L(G),
with multiplication defined by
(v, e) · (v′, e′) =
(
v + v′, e+ e′ + 1
2
[v, v′]
)
.
The subgroup Γ of L(G) generated by V is a lattice in L(G) and the quotient space L(G)/Γ is a compact nilmanifold, that we
shall refer to as the nilmanifold associated with the graph G.
A symplectic form on a 2n-dimensional differentiable manifold is a closed 2-form ω such that ωn is nonsingular. In
case the manifold is compact, the cohomology class of ω is nontrivial. Moreover, for a nilmanifold L(G)/Γ , a theorem by
Nomizu [4] assures that any differential form on L(G)/Γ is cohomologous to a left-invariant differential form on L(G)/Γ ,
and thus to a form of the underlying Lie algebra L(G). Therefore, a nilpotent Lie algebra L(G) of dimension 2n is called
symplectic if it has a 2-cohomology class ω such that ωn is nonzero. This definition of symplectic Lie algebra applies to any
Lie algebra.
A contact form on a 2n+1-dimensional nilmanifold L(G)/Γ is a left-invariant differential 1-form α on the Lie group L(G),
such that α ∧ (dα)n is nonzero. According to a result of Gromov, every Lie group of odd dimension admits a not-necessarily
left-invariant contact form. Therefore, a nilpotent Lie algebra L(G) of dimension 2n + 1 is called contact if it has a 1-form
class α such that α ∧ (dα)n is nonzero. Again, this definition of contact Lie algebra applies to any Lie algebra.
Given a Lie algebra g, the exterior algebraΛg over g together with the boundary operator ∂ onΛg given by
∂p(x1 ∧ · · · ∧ xp) =
∑
i<j
(−1)i+j+1[xi, xj] ∧ x1 ∧ · · · ∧ xˆi ∧ · · · ∧ xˆj ∧ xp,
is a chain complex. The derived space is the homology of g which one denotes by H∗(g). Covariantly the exterior algebra
Λg∗ over the dual g∗ of g, is canonically identified with the dual of Λg and Λg∗ together with the coboundary operator d,
defined as the negative transpose of ∂ , is a cochain complex. The derived space H∗(g) is the cohomology of g.
Example 1. Let G be a graph with set of vertices V = {1, . . . , r} and set of edges E and consider the associated Lie algebra
L(G). Let {x1, . . . , xr} and {xi,j = xi ∧ xj : xi ∧ xj ∈ V1, 1 ≤ i < j ≤ r} be the bases of V0 and V1 respectively. Then since
∂2(xi ∧ xj,k) = 0 = ∂2(xj,k ∧ xl,m),
for all 1 ≤ i ≤ r and (j, k), (l,m) ∈ E, and
∂2(xi ∧ xj) =
{
xi,j, if (i, j) ∈ E,
0, otherwise,
therefore d1(x∗i ) = 0 for all 1 ≤ i ≤ r , and d1(x∗i,j) = x∗i ∧ x∗j for all (i, j) ∈ E. From this it follows that
H1(L(G),R) = 〈x∗i | 1 ≤ i ≤ r〉.
We record for later use that
Im d1 = {x∗i ∧ x∗j | (i, j) ∈ E}.
Let us now recall two well-known results we will need in what follows.
Künneth formula. Given two Lie algebras g and h, the cohomology of the direct sum g⊕ h, is given by the formula
Hp(g⊕ h) ∼=
p⊕
i=0
H i(g)⊗ Hp−i(h).
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Dixmier exact sequence [5]. Given a Lie algebra g and an ideal n of codimension 1, the short exact sequence
0 −−−−→ n −−−−→ g −−−−→ g/n ∼= R −−−−→ 0
gives rise to the long exact sequence
. . . −−−−→ Hp−1(n) δ−−−−→ Hp−1(n) pi−−−−→ Hp(g)
ι−−−−→ Hp(n) δ−−−−→ Hp(n) −−−−→ . . . ,
where δ is induced by the action of g/n on n, ι is induced by the inclusion n → g and pi is induced by the projection
Λ∗g→ Λ∗g/Λ∗n ∼= Λ∗−1n.
2. Cohomology of Lie algebras associated with graphs
Let G be a graph with vertices V = {1, . . . , r} and edges E, letL(G) be the corresponding Lie algebra and let {x1, . . . , xr}
and {xi,j = xi ∧ xj : xi ∧ xj ∈ V1, 1 ≤ i < j ≤ r} be the bases of V0 and V1 respectively. To each subgraph of G of a certain
type we attach an element ofΛ2L(G)∗ according to the following table.
It is easy to verify that the elements ofΛ2L(G)∗ we thus obtain are actually cocycles. Indeed,
d(x∗i ∧ x∗i,j) = x∗i ∧ x∗i ∧ x∗j = 0,
d
(
(x∗i + x∗j ) ∧ (x∗i,k + x∗j,k)
) = (x∗i + x∗j ) ∧ (x∗i + x∗j ) ∧ x∗k = 0,
d(x∗i ∧ x∗j ) = 0.
Moreover, since d
(
Λ1L(G)∗
)
is generated by
{x∗i ∧ x∗j | (i, j) ∈ E}, (1)
the cocycles associated with subgraphs of types A1, A2 and B determine nontrivial cohomology classes.
Example 2. Let G be the ‘‘house graph’’. The constructions above yield the following 2-cocycles:
q1
2
34
5 q
q
q
q



S
S
S type A1 x
∗
1 ∧ x∗1,2, x∗1 ∧ x∗1,5, x∗2 ∧ x∗1,2,
x∗2 ∧ x∗2,5, x∗2 ∧ x∗2,3, x∗3 ∧ x∗2,3,
x∗3 ∧ x∗3,4, x∗4 ∧ x∗3,4, x∗4 ∧ x∗4,5,
x∗5 ∧ x∗2,5, x∗5 ∧ x∗4,5, x∗5 ∧ x∗1,5.
type A2 (x∗2 + x∗5) ∧ (x∗1,2 + x∗1,5), (x∗1 + x∗5) ∧ (x∗1,2 − x∗2,5),
(x∗1 + x∗3) ∧ (x∗1,2 − x∗2,3), (x∗2 + x∗4) ∧ (x∗2,3 − x∗3,4),
(x∗1 + x∗5) ∧ (x∗1,2 − x∗2,5), (x∗3 + x∗5) ∧ (x∗3,4 − x∗4,5),
(x∗1 + x∗4) ∧ (x∗1,5 + x∗4,5), (x∗1 + x∗2) ∧ (x∗1,5 + x∗2,5),
(x∗2 + x∗4) ∧ (x∗2,5 + x∗4,5)
type B x∗1 ∧ x∗3 , x∗1 ∧ x∗4 , x∗2 ∧ x∗4 , x∗3 ∧ x∗5 .
In total we obtain 25 cohomology classes, whereas H2(L(G),R) is of dimension 24.
We now show that the set of cohomology classes associated with all the cocycles of type A1, A2 or B contains a basis for
H2(L(G),R). First of all, we defineA1 to be the set of all cohomology classes of type A1,
A1 = {x∗i ∧ x∗i,j | (i, j) ∈ E},
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and, accordingly,B as the set of all cohomology classes of type B,
B = {x∗i ∧ x∗j | (i, j) 6∈ E, i < j}.
The set of cohomology classes of type A2 requires some more care. As soon as G contains a 3-cycle (i, j, k),
i q
qk
T
TT q j  i q
ak
T
TT q j i q
qk
T
TT a j i a
qk
q j
we obtain 3 cocycles of type A2,
(x∗i + x∗j ) ∧ (x∗i,k + x∗j,k), (x∗i + x∗k) ∧ (x∗i,j + x∗k,j), and (x∗j + x∗k) ∧ (x∗j,i + x∗k,i),
which will turn out to yield linearly dependent cohomology classes. However, any two out of these three remain linearly
independent. To avoid this dependency, we choose two out of the three cocycles that arise for each 3-cycle. Therefore, define
A2 by
A2 =
{
(x∗i + x∗j ) ∧ (x∗i,k + x∗j,k)
∣∣∣∣ (i, k), (j, k) ∈ E, i 6= j, andif also (i, j) ∈ E, then j < k or i < k
}
.
Theorem 1. Let G be a graph andL(G) the associated 2-step nilpotent Lie algebra. Then the union of the setsA1,A2 andB is a
basis of H2(L(G),R).
Proof. First of all we show that the setA1 ∪A2 ∪B is linearly independent. The construction of the cohomology classes of
typesA1 and B and the description of the image of the first differential (1) readily implies thatA1∪B is a linearly independent
set. We now consider the elements ofA2 modulo the space generated byA1 andB. If (i, k), (j, k) ∈ E, then
(x∗i + x∗j ) ∧ (x∗i,k + x∗j,k)
is equivalent to
x∗i ∧ x∗j,k + x∗j ∧ x∗i,k.
Since in both terms of the above sum, all three indices are present, any other cohomology class inA1 ∪A2 ∪B containing
one of these terms must also be of type A2. If (i, j) ∈ E, we obtain two more cohomology classes,
x∗i ∧ x∗i,j + x∗k ∧ x∗k,j and x∗j ∧ x∗k,i + x∗k ∧ x∗j,i.
A straightforward calculation shows that any two of these three classes are linearly independent. Since A2 includes only
two out of the three classes, we obtain a linearly independent set.
Next, we prove that any class in H2(L(G),R) is a linear combination of classes of type A1, A2 or B by induction on the
number of vertices in G. Let G(V , E) be a graph with r vertices, andL(G) the associated Lie algebra. Then the subalgebra of
L(G) generated by {x1, . . . , xr−1} ∪ {xi,j | (i, j) ∈ E} is the direct sum of two subalgebras of L(G), that is, the subalgebra
L(H) associated with the graph H with vertices {x1, . . . , xr−1} and edges {(i, j) | (i, j) ∈ E, i 6= r 6= j} and the abelian
subalgebra ar generated by {xi,r | (i, r) ∈ E}. Since L(H) ⊕ ar is an ideal of codimension 1 in L(G), we can use Dixmier’s
sequence to reconstruct H2(L(G),R) from the invariants H2(L(H) ⊕ ar ,R)xr and the co-invariants H1(L(H) ⊕ ar ,R)xr ,
using the induction hypothesis and Künneth’s formula describing the cohomology of a direct sum.
Computing H1(L(H)⊕ ar ,R)xr : the union of the sets {x∗1, . . . , x∗r−1} and {x∗i,r | (i, r) ∈ E} constitutes a basis of
H1(L(H) ⊕ ar ,R). The action of xr on any x∗i is trivial, and on a cohomology class of the form x∗i,r the action of
xr yields the class x∗i . Therefore,
{x∗i | (i, r) 6∈ E} ∪ {x∗i,r | (i, r) ∈ E}
is a basis of H1(L(H)⊕ ar ,R)xr .
Computing H2(L(H)⊕ ar ,R)xr : a basis of H2(L(H)⊕ ar ,R) is given by
(1) (i, j) 6∈ E, i < j < r : x∗i ∧ x∗j ,
(2) (i, j) ∈ E, i 6= j < r : x∗i ∧ x∗i,j,
(3) (i, k), (j, k) ∈ E, i 6= j 6= k < r : (x∗i + x∗j ) ∧ (x∗i,k + x∗j,k),
(4) (j, r) ∈ E, i, j 6= r : x∗i ∧ x∗j,r ,
(5) (i, r), (j, r) ∈ E, i, j 6= r : x∗i,r ∧ x∗j,r .
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On the first three types of basis vectors, xr acts trivially. For the fourth and fifth type, we get
x∗i ∧ x∗j , respectively x∗i ∧ x∗j,r + x∗i,r ∧ x∗j .
A basis for the invariants H2(L(H)⊕ ar ,R)xr then consists of all the vectors of the first three types, the vectors of
the fourth type with i = j or for which (i, j) ∈ E and the sums of vectors of the fourth type
x∗i ∧ x∗j,r + x∗j ∧ x∗i,r
for which (i, r), (j, r) ∈ E.
Since the embedding of H1(L(H)⊕ ar ,R)xr in H2(L(G),R) is given by the wedge product with x∗r , we get
x∗i −→ x∗i ∧ x∗r for (i, r) 6∈ E,
x∗i −→ x∗i ∧ x∗i,r for (i, r) ∈ E.
In other words, we obtain all classes inA1 andB involving x∗r .
Lifting the basis vectors of H2(L(H)⊕ ar ,R)xr to H2(L(G),R) is done according to the following table.
x∗i ∧ x∗j −→ x∗i ∧ x∗j
x∗i ∧ x∗i,j −→ x∗i ∧ x∗i,j
(x∗i + x∗j ) ∧ (x∗i,k + x∗j,k) −→ (x∗i + x∗j ) ∧ (x∗i,k + x∗j,k)
x∗i ∧ x∗i,r −→ x∗i ∧ x∗i,r
x∗i ∧ x∗j,r −→ x∗i ∧ x∗j,r + xr ∧ x∗j,i
x∗i ∧ x∗j,r + x∗j ∧ x∗i,r −→ x∗i ∧ x∗j,r + x∗j ∧ x∗i,r .
Again, all cohomology classes thus obtained are linear combinations of the cohomology classes inA1,A2 orB. 
Corollary 2. Let G be a finite graph with r vertices and t 3-cycles. Then
dimH2 (L(G),R) = r(r − 1)
2
+ 1
2
r∑
i=1
δ(i)2 − t,
where δ(i) is the degree of vertex i.
Proof. Since
|A1| =
r∑
i=1
δ(i), |A2| =
r∑
i=1
(
δ(i)
2
)
− t, |B| = 1
2
r∑
i=1
(r − 1− δ(i)),
we have
dimH2(L(G),R) = |A1| + |A2| + |B|
= r(r − 1)
2
+ 1
2
r∑
i=1
δ(i)+
r∑
i=1
δ(i)2 − δ(i)
2
− t
= r(r − 1)
2
+ 1
2
r∑
i=1
δ(i)2 − t. 
Example 3. Let G = Kr be the complete graph on r vertices. The associated Lie algebraL(G) is the free 2-step nilpotent Lie
algebra F2,r on r generators. Since each vertex in G has degree r−1, and t =
( r
3
)
because each subset of three vertices forms
a 3-cycle, the above formula yields
dimH2(F2,r ,R) = r(r − 1)2 +
r(r − 1)2
2
− r(r − 1)(r − 2)
6
= r
3 − r
2
.
This result is well known, since H2(F2,r ,R) has the same dimension as the third term of the descending central series of the
free Lie algebra on r generators (cf. [6,7]).
3. Symplectic and contact Lie algebras
In this section, we characterize those Lie algebras associated with graphs that admit a symplectic form, and those that
have a contact form.Whereas the symplectic Lie algebras associatedwith graphs turn out to be an interesting class, including
the Lie algebras associatedwith trees, only the three-dimensional Heisenberg Lie algebra has a contact form. As far as Anosov
diffeomorphisms are concerned, a criterion for their existence on Lie algebras associated with graphs was already given
in [8]. It turns out that only some very particular Lie algebras associated with graphs have both a symplectic form and an
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Anosov diffeomorphism. Precisely those associated with graphs whose connected components consist either of a single
vertex, a 3-cycle or a 4-cycle.
3.1. Symplectic Lie algebras associated with graphs
In [9] it was shown that in order to be symplectic, an even-dimensional 2-step nilpotent Lie algebra gmust satisfy
2 dim[g, g] ≤ dim g.
For a Lie algebraL(G) associated with a graph G(V , E), this condition translates to
|E| ≤ |V |.
We will show that this condition on each connected component of G is not only necessary but sufficient for the Lie algebra
L(G) to be symplectic.
Note that, for any Lie algebra with a basis {x1, . . . , xn}, the 2-form
ω =
(
k∑
u=1
x∗iu ∧ x∗ju
)
satisfies that ωk is a nonzero integer multiple of x∗i1 ∧ x∗j1 ∧ · · · ∧ x∗ik ∧ x∗jk . Therefore, if n = 2k and all indices iu and ju are
distinct, ωk is a nonzero n-form.
Examples 4. Let G be the n-cycle. ThenL(G) is even dimensional and has a symplectic form
x∗1 ∧ x∗1,2 + · · · + x∗n−1 ∧ x∗n−1,n − x∗n ∧ x∗1,n.
q q q qqq p p p   @@  @@1
2 3
4
5n
The Lie algebra associated with the tree on the left-hand side cannot be symplectic, because it is odd-dimensional (as are all
Lie algebras associated with trees). However, when we add an isolated vertex, the associated Lie algebra has a symplectic
form
x∗3 ∧ x∗2,3 + x∗2 ∧ x∗2,1 + x∗5 ∧ x∗4,5 + x∗6 ∧ x∗4,6 + x∗4 ∧ x∗1,4 + x∗1 ∧ x∗7.qq
q qq q
q  



A
A
A
@@  
1
2
3
4
5 6
7
Theorem 3. Let G be a graph. Then the Lie algebra L(G) associated with G is symplectic if and only if |V | + |E| is even, and, in
each connected component of G, the number of edges does not exceed the number of vertices.
Proof. Let G be a finite graph such that |V | + |E| is even, and, in each connected component C of G, the number of edges
does not exceed the number of vertices. We describe an algorithm to find a symplectic form.
Let G1, . . . ,Gl be the connected components of G. In every component, we construct a ‘‘maximal’’ form as follows. Either
Gi has a vertex of degree 1, or it has not. In case v is a vertex of degree 1 and its only edge is (v, v′), we select the 2-cocycle
x∗v∧x∗v,v′ .We then remove the vertex v and the edge (v, v′) from the graphGi, and start all overwith this reduced component.
In case Gi does not have a vertex of degree 1, then either it consists of a single vertex, or it is a cycle. Indeed, if all the vertices
in Gi have degree at least 2, then the number of edges is at least 12
∑
v δ(v) ≥ v, so every edge has exactly degree 2, and Gi is
a cycle. The above example then shows how to select cocycles. The resulting cocycle for a connected component is the sum
of all cocycles thus selected.
Once we exhausted all connected components, we are left with a number of single vertices. Since |V |− |E| = |V |+ |E|−
2|E| and |V | ≥ |E|, we know that the number of remaining vertices is even. Moreover, every component contributes at most
1 point, so the remaining vertices are totally disconnected. But then we can group them in pairs, thus obtaining cocycles of
type B. In total, we obtain |V |+|E|2 cocycles using all basis elements ofL(G), and therefore, their sum is a symplectic form.
Suppose, on the other hand, that G has a component with more edges than vertices. From the description of the
cohomology space H2(L(G),R), we know that an edge only appears in the kernel of the differential when combined with a
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vertex of the same component. To have all the edges present in a 2-cocycle, we are forced to repeat vertices. Powers of such
a 2-cocycle will never give us a volume element, so the Lie algebra cannot be symplectic. 
Let us now describe in detail the connected components of the graphs G that yield symplectic Lie algebras L(G). It is well
known that a connected graph G(V , E) has at least |V | − 1 edges. The connected graphs having exactly |V | − 1 edges are
known as trees. The connected graphs having exactly |V | edges also have an appealing structure. As shown in the proof of
the theorem, such a graph consists of a cycle with trees attached to it.
q q
q q
q
A
A
A



 
 
 
@
@
@
q
q
@@
q
q@@
q


q



qHHH
qq
q qq q
  



A
A
A
@@  
qq q
Example of a ‘‘symplectic graph’’.
Remark 1. In dimension six there exist only seven 2-step nilpotent Lie algebras which are symplectic [2]. Five of these are
Lie algebras associated with graphs, and these five are in fact the only six-dimensional 2-step Lie algebras associated with
graphs.
r rr@@ r rr r r rr r r r rr r r r rr r r
All six-dimensional ‘‘symplectic graphs".
3.2. Contact Lie algebras
Let H be the Lie algebra associated to the graph
1 q q 2 H = 〈x1, x2, x1,2 | [x1, x2] = x1,2〉,
the Heisenberg Lie algebra. Then x∗1,2 is a contact form, since x
∗
1,2 ∧ dx∗1,2 = x∗1,2 ∧ x∗1 ∧ x∗2 6= 0. It turns out that this is the
only Lie algebra associated with a graph that has a contact form.
Proposition 4. Let G(V , E) be a graph such that |V | + |E| is odd. Then the associated Lie algebraL(G) admits a contact form if
and only if G is the complete graph on two vertices.
Proof. Suppose L(G) has a contact form. Then, if dimL(G) = 2p + 1, (dα)p is nonzero, so dα contains at least p terms of
the form x∗i ∧ x∗j (when written in the canonical basis) which all have different factors, that is, we need to have at least 2p
vertices. But then we end up with only one edge, which only generates exactly one product of the form x∗i ∧ x∗j , so pmust
be equal to 1, and G is the complete graph on 2 vertices. 
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